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Linear Classifiers

• Key ideas

• data (x_i, y_i)


• x_i are feature vectors, dimension d

• y_i are labels, and y_i is either 1 or -1


• query is x

• predicted label is:
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sign(aTx+ b)











Bias, variance, irreducible error

• Assume we choose a classifier from some family

• eg, a particular linear classifier from the family of linear classifiers


• The error on future data decomposes into three terms:

Bias  + Variance + Irreducible error

The error caused by the 

fact that even the best 

classifier in the family


makes errors The error caused by the fact 

that we didn’t get the best 


classifier in the family, just nearly

Unavoidable error 

(recall alien example)







Question: how to choose a and b?

• Rough answer:

• split dataset into train/test

• choose a and b to get good behavior on train


• how? details?

• evaluate on test



Question: how to choose a and b?

• Choose a and b to get good behavior on train

• write a cost function C(a, b) and find best


• The cost function:

• generally, each training example should contribute evenly


• average of per example costs

<latexit sha1_base64="hmD0wIrjLZiEqup4f2kY7jSeEQ0="></latexit>

C(aT , b) =

✓
1

N

◆ NX

i=1

c(a, b,xi)



Desirable properties c(a, b, x_i)

• Write: 

• sign is the predicted label

• magnitude is prop to distance to line


• We want:

• Prediction <> true label:


• c(a, b, x_i) should be big.  Should get bigger when magnitude is 
bigger, but not too fast


• Prediction == label, mag small:

• c(a, b, x_i) should be non-zero, getting smaller as magnitude gets 

bigger

• Prediction==label, mag big:


• c(a, b, x_i) should be zero
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�i = aTxi + b









The hinge loss

<latexit sha1_base64="t4zgYyxBPySQYI9I3tWcboD1IRA="></latexit>

c(a, b,xi) = max(1�
�
aTxi + b

�
yi, 0) = max(1� �iyi, 0)

Feature vector for example

True label for example
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�i = aTxi + b



The hinge loss

<latexit sha1_base64="t4zgYyxBPySQYI9I3tWcboD1IRA="></latexit>

c(a, b,xi) = max(1�
�
aTxi + b

�
yi, 0) = max(1� �iyi, 0)

• Notice:

• Prediction <> true label:


• c(a, b, x_i) is big.  Gets bigger when magnitude grows, but not too fast

• Prediction == label, mag small:


• c(a, b, x_i) is non-zero, getting smaller as magnitude gets bigger

• Prediction==label, mag big:


• c(a, b, x_i) is zero









Regularization

• The cost function drives us towards a classifier that does 
well on training data

• but what about future data?


• Cases:

• future data item is correctly classified, large mag


• nothing to do

• future data item is correctly classified, small mag 


• OR is incorrectly classified

• Notice: 


• hinge loss on this data item (which we don’t know) can be scaled

• and this doesn’t change the classification of the training data

<latexit sha1_base64="m11yPnknj0cgk09UqCt/UJeOb9M="></latexit>

if (aTx+ b)y < 1 and s > 0, we have c(sa, sb,xi) = (1� s
�
aTxi + b

�
yi



Regularization

• IDEA:  

• Hinge loss on future data items can be reduced by scaling a, b

• Equiv:


• find “small” a, b that produce low cost on training

• Equiv:


• penalize large a during training


• Which gets us

Data term; empirical risk Regularization term

Regularization weight



Choosing a classifier

• Minimize this expression with respect a, b

Data term; empirical risk Regularization term



Choosing a classifier, II

• Write


• Usual procedure:

• start at


• repeat:

• find a descent direction


• choose a steplength


• update

<latexit sha1_base64="vwlfi4EESk82XlN2rPG1pLqNRZU=">AAACJHicbVDLSgMxFM34tr6qLt0Ei+CqzIioIELRjUsFq0IzlEx6pw1mMkNyRyjDfIwbf8WNCx+4cOO3mNZZ+Dpw4XDOvcm9J8qUtOj7797E5NT0zOzcfG1hcWl5pb66dmnT3Ahoi1Sl5jriFpTU0EaJCq4zAzyJFFxFNycj/+oWjJWpvsBhBmHC+1rGUnB0Urd+WLAopnl5xBTE2GER9KUuuDF8WBaipGObl4xFDHSvMpiR/QGG3XrDb/pj0L8kqEiDVDjr1l9YLxV5AhqF4tZ2Aj/D0D2KUigoayy3kHFxw/vQcVTzBGxYjI8s6ZZTejROjSuNdKx+nyh4Yu0wiVxnwnFgf3sj8T+vk2N8EBZSZzmCFl8fxbmimNJRYrQnDQhUQ0e4MNLtSsWAGy7Q5VpzIQS/T/5LLneawV4zON9ttI6rOObIBtkk2yQg+6RFTskZaRNB7sgDeSLP3r336L16b1+tE141s05+wPv4BFCHpno=</latexit>

u =


a
b

�
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g(u) for cost function
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u(0)
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p(i)
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u(i+1) = u(i) + ⌘p(i)
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Choosing a classifier, III

• What is descent direction? 

• gradient descent:


• Newton’s method:

• second derivatives help choose


• What is steplength?

• small number


• search for a good one

<latexit sha1_base64="1AIEhFeUG5LDMDcMzv1DxXIuL5Q="></latexit>

�rug = �
 @g

@u1

. . .

�





Stochastic gradient descent

• Assume we choose k data items uniformly at random

• compute


• We have

<latexit sha1_base64="pjZfnRsgY2fmSYw+y9d3CHcR08M="></latexit>

Ck =
1

k

kX

i=1

c(a, b,xi)
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E [Ck] =
1

N

NX

i=1

c(a, b,xi)



What is the gradient?



Stochastic gradient descent, II

• IDEA:

• repeat:


• pick one or few data items uniformly at random

• compute gradient using those


• it isn’t right, but

• expected value is right

• it’s quick


• take step backward down this gradient

How far? it’s too hard to search because it’s too hard to 

evaluate g(u) so fixed, but may change over time 

(eg.  1000 steps at 1e-3; 1000 steps at 1e-4; etc).

Convergence:  too hard to test; instead, 

do this a fixed large number of steps, and monitor error rate



Stochastic gradient descent, III

• IDEA:

• repeat:


• pick one or few data items uniformly at random

• compute gradient using those


• it isn’t right, but

• expected value is right

• it’s quick


• take step backward down this gradient

Convergence:  too hard to test; 

instead, do this a fixed large 


number of steps, and monitor error rate



General points

• Support vector machine (SVM):

• A linear classifier trained with hinge loss 


• SVM’s:

• Impressively reliable if you have good features

• Easy and effective 

• Good evidence you don’t need to see all the training data


• ie SGD might get you to about the right classifier without seeing all 
training data



Getting the regularization weight 

• Strategy:

• try various values, choose the one that yields best classifier

• not super sensitive - search by factors of 10


• Remember:

• we can’t evaluate a classifier on data used to train it!

• this makes training and evaluating an SVM slightly elaborate


• Constraints:

• we need to know how well the final classifier works - split off some data

• for each value of reg. weight, we must evaluate - split off some data

• we may need to monitor - split off some data



Initial Dataset

For evaluating 

final classifier

For training

with different

reg weights

At least one train/test split

for each reg weight

Batch for SGD

for monitoring



Behavior

a



Stochastic gradient descent

• IDEA:

• repeat:


• pick one or few data items uniformly at random

• compute gradient using those

• take step backward down this gradient

Convergence:  too hard to test; 

instead, do this a fixed large 


number of steps, and monitor error rate



Gradient

• Notice:

• this “makes sense”

<latexit sha1_base64="hraoM2SHkaB2U7paP8RKo2mbTxE="></latexit>

rbS
0 =

⇢
0 if �iyi > 1

�yi otherwise

<latexit sha1_base64="LYZtlXXQIzKf1dU6jd4k9+Ww/ok="></latexit>

raS
0 =

⇢
�a if �iyi > 1

�yixi + �a otherwise



A little line geometry…

• All this applies to planes, hyperplanes, etc.

• easier to draw for lines
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aTx+ b = 0
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equation satisfied by all points on the line
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<latexit sha1_base64="p7KKpcb/QJKNPbE9UZS2mSZg0gY="></latexit>

|aTx+ b |p
(aTa)

distance from point x to the line



In this case, push line away from example
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�iyi > 1
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raS = �a
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rbS = 0







In this case, turn line and push towards example
<latexit sha1_base64="LTm/JJX/P7l9DL1DBHlNKPN+nFo=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Vj04rGC/YAmhMl20y7dTeLuRgih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rZXVtfWNzcpWdXtnd2/fPjjsqCSThLZJwhPZC0FRzmLa1kxz2kslBRFy2g3HN1O/+0ilYkl8r/OU+gKGMYsYAW2kwK55QxACAoZzUx6nD9gN7LrTcGbAy8QtSR2VaAX2lzdISCZorAkHpfquk2q/AKkZ4XRS9TJFUyBjGNK+oTEIqvxidvwEnxhlgKNEmoo1nqm/JwoQSuUiNJ0C9EgtelPxP6+f6ejKL1icZprGZL4oyjjWCZ4mgQdMUqJ5bggQycytmIxAAtEmr6oJwV18eZl0zhruRcO9O683r8s4KugIHaNT5KJL1ES3qIXaiKAcPaNX9GY9WS/Wu/Uxb12xypka+gPr8weAvJQG</latexit>

�iyi  1

<latexit sha1_base64="9WTqr5vwv3HMfJqBTuHz45Z2WFA=">AAACGHicbVDLSgMxFM3UV62vqks3wSIIYp0RUTdC0Y3LivYBnTLcSTNtaCYzJBmxDP0MN/6KGxeKuO3OvzFtZ6GtBwIn59x7k3v8mDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z26ihJJaI1EPJJNHxTlTNCaZprTZiwphD6nDb9/M/Ybj1QqFokHPYhpO4SuYAEjoI3kFU9cAT4HL3X9AMMQ318dDzyGJ9enoceOXG6GdQBnBV6xZJftCfA8cTJSQhmqXnHkdiKShFRowkGplmPHup2C1IxwOiy4iaIxkD50actQASFV7XSy2BAfGKWDg0iaIzSeqL87UgiVGoS+qQxB99SsNxb/81qJDi7bKRNxoqkg04eChGMd4XFKuMMkJZoPDAEimfkrJj2QQLTJsmBCcGZXnif107JzXnbuzkqV6yyOPNpD++gQOegCVdAtqqIaIugZvaJ39GG9WG/Wp/U1Lc1ZWc8u+gNr9AMtMJ88</latexit>

raS = �yixi + �a

<latexit sha1_base64="tB5r4A25/TTM7xI4+JvYtA73okA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBiyURUS9C0YvHivYD2hAm2027dLMJu5tCCP0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFulldW19Y3yZmVre2d3z94/aKk4lYQ2Scxj2QlAUc4EbWqmOe0kkkIUcNoORndTvz2mUrFYPOksoV4EA8FCRkAbybftnoCAgx/gx5uzzGfYt6tOzZkBLxO3IFVUoOHbX71+TNKICk04KNV1nUR7OUjNCKeTSi9VNAEyggHtGiogosrLZ5dP8IlR+jiMpSmh8Uz9PZFDpFQWBaYzAj1Ui95U/M/rpjq89nImklRTQeaLwpRjHeNpDLjPJCWaZ4YAkczciskQJBBtwqqYENzFl5dJ67zmXtbch4tq/baIo4yO0DE6RS66QnV0jxqoiQgao2f0it6s3Hqx3q2PeWvJKmYO0R9Ynz8a55Kq</latexit>

rbS = �yi







Some practical examples

• Whitening features is a very good idea

• important to translate as well - why?

• Notice one interesting point 


• the gradient is not zero, even if you get every training example right

• why this is a “good thing”


• Notice shrinking effect of lamda









Why this is a support vector machine

• Simple geometric argument suggests 

• very few examples are important in linearly separable case


• where zero error is possible for a linear classifier


• This extends to other cases

• the hyperplane is determined by a very small set of examples


• these are sometimes known as support vectors







Notice we have a recipe…

• We could apply to other cost functions


• We could apply SGD to other predictors

• neural networks, etc.


• Procedure for selecting reg. weight is general

• we’ll see other cases



Logistic regression

• This is very like the hinge loss when plotted

• but smooth

<latexit sha1_base64="iT3vEnMa1wTNiDprsFL+u1bKntI="></latexit>

c(a, b,xi) = log
⇣
1 + e�[(a

Txi+b)yi]
⌘

<latexit sha1_base64="59vs/gOhIEv/B/TtWtlhicmU2rs="></latexit>

S(a, b;�) =
1

N

X

i

log
⇣
1 + e�[(a

Txi+b)yi]
⌘
+ (

�

2
)aTa







Logistic regression - gradient

• Pick a batch of one example
<latexit sha1_base64="aVZI/ndSEejsymKXPWk/l1ZYx8E="></latexit>

S(a, b;�) = log
⇣
1 + e�[(a

Txi+b)yi]
⌘
+ (

�

2
)aTa

<latexit sha1_base64="dZd9cCbg953ggoh5MShQjhT9cGo="></latexit>

raS =
�e��iyi

1 + e��iyi
yixi + �a

<latexit sha1_base64="/Kffy1pjeYVht1rHuw/TigQYB9Y=">AAACJ3icbVBNSwMxEM3Wr1q/Vj16CRZBkJZdEfWiFL14VLQqdOsym2bb0CS7JFmhLP03XvwrXgQV0aP/xLT2oK0PZni8N0MyL0o508bzPp3C1PTM7FxxvrSwuLS84q6uXeskU4TWScITdRuBppxJWjfMcHqbKgoi4vQm6p4O/Jt7qjRL5JXppbQpoC1ZzAgYK4XucSAh4hBG+PIoiBWQvELv8krQBiEgZLgXsn4/93cmxUHHoVv2qt4QeJL4I1JGI5yH7kvQSkgmqDSEg9YN30tNMwdlGOG0XwoyTVMgXWjThqUSBNXNfHhnH29ZpYXjRNmSBg/V3xs5CK17IrKTAkxHj3sD8T+vkZn4sJkzmWaGSvLzUJxxbBI8CA23mKLE8J4lQBSzf8WkAzYtY6Mt2RD88ZMnyfVu1d+v+hd75drJKI4i2kCbaBv56ADV0Bk6R3VE0AN6Qq/ozXl0np135+NntOCMdtbRHzhf34Ndpbo=</latexit>

rbS =
�e��iyi

1 + e��iyi
yi

<latexit sha1_base64="7LqTKR80hwEkXi9wBe8twFN0tSs=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiCEJJRNSNUHTjskJv0MZyMp20Q2eSMDMRS8jeja/ixoUibn0Bd76N08tCW38Y+PjPOZw5vx9zprTjfFu5peWV1bX8emFjc2t7x97da6gokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0h9fjevOeSsWisKZHMfUE9EMWMALaWF272OmDENBl+BKnHT/AkN3VpvSQGfcY+1275JSdifAiuDMooZmqXfur04tIImioCQel2q4Tay8FqRnhNCt0EkVjIEPo07bBEARVXjq5JcOHxunhIJLmhRpP3N8TKQilRsI3nQL0QM3XxuZ/tXaigwsvZWGcaBqS6aIg4VhHeBwM7jFJieYjA0AkM3/FZAASiDbxFUwI7vzJi9A4KbtnZff2tFS5msWRRweoiI6Qi85RBd2gKqojgh7RM3pFb9aT9WK9Wx/T1pw1m9lHf2R9/gBtfZlh</latexit>

�i = aTxi + b



Logistic regression - gradient

• Notice:

• this “makes sense”

• is very like linear SVM gradient

<latexit sha1_base64="dZd9cCbg953ggoh5MShQjhT9cGo="></latexit>

raS =
�e��iyi

1 + e��iyi
yixi + �a

<latexit sha1_base64="/Kffy1pjeYVht1rHuw/TigQYB9Y=">AAACJ3icbVBNSwMxEM3Wr1q/Vj16CRZBkJZdEfWiFL14VLQqdOsym2bb0CS7JFmhLP03XvwrXgQV0aP/xLT2oK0PZni8N0MyL0o508bzPp3C1PTM7FxxvrSwuLS84q6uXeskU4TWScITdRuBppxJWjfMcHqbKgoi4vQm6p4O/Jt7qjRL5JXppbQpoC1ZzAgYK4XucSAh4hBG+PIoiBWQvELv8krQBiEgZLgXsn4/93cmxUHHoVv2qt4QeJL4I1JGI5yH7kvQSkgmqDSEg9YN30tNMwdlGOG0XwoyTVMgXWjThqUSBNXNfHhnH29ZpYXjRNmSBg/V3xs5CK17IrKTAkxHj3sD8T+vkZn4sJkzmWaGSvLzUJxxbBI8CA23mKLE8J4lQBSzf8WkAzYtY6Mt2RD88ZMnyfVu1d+v+hd75drJKI4i2kCbaBv56ADV0Bk6R3VE0AN6Qq/ozXl0np135+NntOCMdtbRHzhf34Ndpbo=</latexit>

rbS =
�e��iyi

1 + e��iyi
yi

<latexit sha1_base64="hraoM2SHkaB2U7paP8RKo2mbTxE="></latexit>

rbS
0 =

⇢
0 if �iyi > 1

�yi otherwise

<latexit sha1_base64="LYZtlXXQIzKf1dU6jd4k9+Ww/ok="></latexit>

raS
0 =

⇢
�a if �iyi > 1

�yixi + �a otherwise





Some practical examples

• Whitening features is a very good idea

• important to translate as well - why?

• Notice one interesting point 


• the gradient is not zero, even if you get every training example right

• why this is a “good thing”


• Notice shrinking effect of lamda



Multi class classification with an SVM

• SVM is naturally a binary classifier

• Bad option:


• expand class labels as a binary vector

• use one SVM to predict each bit

• this doesn’t work - if you get bit wrong, you’re in trouble


• Better options:

• One v one

• One v all

• neither is perfect






